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1. Introduction 



Recall that .0(2,1; a), where a £ C\{0, — 1}, is a one-parameter family of clas- 
sical simple Lie superalgebras of dimension 17 [1]. The bosonic part of -0(2, l;a) 
is s/(2) © si (2) © sl(2), and the action of -0(2, 1; a)g on -0(2, 1; a)j is the product of 
two-dimensional representations. 

An equivalent definition of this superalgebra was given in [2] . It is the Lie superal- 
gebra r(a%, cr 2 , a 3 ), where <7j are nonzero complex numbers such that U\ + a 2 + er 3 = 0. 
Note that r(a 1 , <r 2 , cr 3 ) = -0(2, 1; a), where a = o"i/er 2 . 

In [3] we obtained an embedding of -0(2, 1; a) into the Lie superalgebra of pseu- 
dodifferential symbols on S* 1 ' 2 . The integrability of infinitesimal deformations of em- 
beddings of Lie algebras were studied by Nijenhuis and Richardson in [4, 5]. The 
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deformations of the standard embeddings of Vec^S 1 ) into the Poisson algebra of 
pseudodifferential symbols on S* 1 and into the Lie algebra of pseudodifferential sym- 
bols on S* 1 were classified in [6, 7]. Similar problems for the Lie superalgebras K(l) 
and K(2) of contact vector fields on the supercircles S* 1 ' 1 and S* 1 ' 2 were studied in [8, 
9]. 

In this work we consider the standard embedding of T a = T(2, — 1 — a, a — 1), 
where a£C, into the Poisson superalgebra P(4) of pseudodifferential symbols on the 
supercircle S* 1 ' 2 . If a = 0, we have the natural embedding of sp0(2|4) into P(4). 

According to the Richardson-Nijenhuis theory, the infinitesimal deformations of 
this embedding are classified by iJ 1 (r a , P(4)). We prove that this cohomology space 
is two dimensional and compute the corresponding cocycles. T a is naturally embedded 
into a subsuperalgebra of -P(4), which is isomorphic to the contact superconformal 
algebra K(A). It consists of the functions for which the corresponding Hamiltonian 
vector fields commute with the Euler vector field. Note that in this work, the real- 
ization of K(A) inside P(4) differs from the realization that we obtained in [3], where 
K(A) consists of the elements of P(4) for which the corresponding Hamiltonian vector 
fields commute with a serm-Euler vector field. 

We prove that the cohomology space if 1 (r a , [i^(4), if(4)]) is one dimensional and 
that the infinitesimal deformations are indeed the formal deformations of the embed- 
ding. 

Note that T a C P + (4), where -P + (4) is a subsuperalgebra of P(4) formed by 
differential operators. We prove that the cohomology space iP(r a , P + (4)) is one di- 
mensional and that the infinitesimal deformations correspond to formal deformations 
of the embedding. The analogous results hold for the embedding of T a into the Lie 
superalgebra Pit (4) of differential operators on S* 1 ' 2 , which contracts to P + (4). 



2. Superalgebras r(cri, <t 2 , 0^3) 



Recall the definition of r(ai, a-i, (73) [2]. Let g = qq © gj be a Lie superalgebra, 
where — sp{^i)@sp{^2)@sp{^^) andgj = Vi^V^^V^, where Vi are two-dimensional 
vector spaces, and ipi is a non-degenerate skew-symmetric form on Vi, i = 1, 2, 3. A 
representation of qq on gj is the tensor product of the standard representations of 
sp(ipi) in Vi. Consider the sp(ipi) - invariant bilinear mapping 

Vi : V x Vi ->■ sp(ipi), z = 1,2,3, 

given by 

Vifa, Vi)zi = if>i(yi, Zi)xi - ipi(zi, xdyi 
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for all Xi, Hi, Zi G V^. Let 7 be a mapping 

f : 01 x 01 ->■ 00 

given by 

y(x 1 <S> x 2 <S> x 3 , yi®y 2 ® 2/3) = 
01^2(^2, 2/2)^3(^3, y 3 pi(xi, yi)+ 
0-2^1(^1, 2/1)^3(^3, ^3)^2(^2, 1/2)+ 

0-3^1 (Xi, yi)lp2(x 2 : y2p3(x 3 , J/ 3 ) 

for all G V$,i = 1,2,3, where 01,02,03 are some complex numbers. The super 
Jacobi identity is satisfied if and only if o~\ + o 2 + 03 = 0. In this case g is denoted by 
r(<7i, 02, 03). Superalgebras r(0!, 02,03) and r(cr[, 2 ,0 3 ) are isomorphic if and only 
if there exists a nonzero element k G C and a permutation 7r of the set {1, 2, 3} such 
that 

<j[ — k ■ a-Ki for i — 1,2, 3. 

Superalgebras r(0 1 ,0 2 ,°"3) are simple if and only if 01,02,03 are all different from 
zero. Note that r(0 1; 2 , 03) = D(2, 1; a) (see [1]) where a = 0\ja 2 . 



3. Embeddings of r(a±, a 2 , 03) 



The Poisson algebra P of pseudodifferential symbols on the circle is formed by the 
formal series 

n 

—00 

where a^t) G C[t,t _1 ], and the even variable r corresponds to d t) see [6]. The Poisson 
bracket is defined as follows: 

{A(t, r), B(t, t)} = d T A(t, r)d t B(t, r) - d t A(t, r)d T B(t, r). 

Let A(2N) be the Grassmann algebra in 2iV variables £1, . . . , rji, . . . , t]n with 
the parity = p{i]i) = 1. The Poisson superalgebra of pseudodifferential symbols 
on S^ N is P(2N) = P <g> A(2N). The Poisson bracket is defined as follows: 

AT 

{A, 5} = d T AdtP> - d t Ad T B + (-1)^) +1 ^(c^Ac^S + 

i=i 
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Let P + C P be the subalgebra of differential operators: 

n 
i>0 

Correspondingly, P + (2N) = P + <g> A(2iV). 

Let W(2N) be the Lie superalgebra of all superderivations of the associative su- 
peralgebra C[t,t _1 ] (g) A(2N). By definition, 

K(2N) = {D G W(2iV) | P>fi = /ft for some / e C[M _1 ] <g> A(2iV)}, 

where Q = rft + &^7i + ?7id£i is a differential f-form, which is called a contact 
form [10]. Note that there exists an embedding 

K(2N) C P(2JV), ^ > 0. 

Consider a Z-grading P{2N) = @iP(i)P{2N) on the associative superalgebra P(2N), 
defined by 

deg t = deg rji = deg r = deg £j = 1 for i — 1, . . . , N. 
With respect to the Poisson super-bracket, 

{P (l) (2N),P U) (2N)} C P (t+ ^ 2) (2N). 
Thus P ( 2)(2A0 is a subsuperalgebra of P(2N), and P (2 )(2iV) = K(2N). 

Remark 3.1. To explain this isomorphism, consider the analogous Z-grading of the 
associative algebra P = ©jP(j) defined by the condition 

deg t = deg r = 1. 

Note that P( 2 ) is a subalgebra of P, which is isomorphic to the centerless Virasoro 
algebra L = © n L„, where L n = |t" +1 r _n+1 , so that 

[L n , L m \ = (m — n)L n + m . 

Note that the elements of the Poisson algebra P are functions A(t, r) on the cylinder 
rp*gi = ji* gi \^ gi ^ an( j they define the corresponding Hamiltonian vector fields on 
this manifold: 

A(t, r) — > H A = d T Ad t - d t Ad T . (3.1) 

The subalgebra P( 2 ) is formed precisely by such functions A(t, r) for which H A com- 
mutes with the Euler vector field: 

[H A ,td t + rd T ] = 0. 
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The analogue of the formula (3.1) in the supercase is as follows: 

N 

A(t, t, £j, T)i) ^H A = d T Ad t - d t Ad T - (-1)*< A > J2^ Ad v, + d m Ad^)- 

i=i 

Then K(2N) is defined as the set of all Hamiltonian functions A(t, r, £j, r)i) for which 
H A commutes with the Euler vector field: 

N 

[h a , tdt + rd T + J2 ZAi + "nM = °- 

i=i 

Equivalently, K(2N) is the subset of P(2N) of degree 2. 

Note that in [11] we considered a different embedding of K(2N) into P(2N). It is 
defined by the condition that H A commutes with a semz-Euler vector field on T*S^ N . 

K(2N) is simple if N ^ 2, and if N = 2, then the derived Lie superalgebra 
K'(A) = [K(A),K(A)\ is a simple ideal in K(A) of codimension one, defined from the 
exact sequence 

->• tf'(4) ->• tf(4) -)• crV-^i&TjiTfc ->• 0. 
Proposition 3.2. For each a£C there exists an embedding 

p a : r(2, -1 - a, a - 1) -)• tf'(4) C P(4). 
Ta = Pa(r(2, — 1 — a, a — 1)) is spanned by the following elements: 

££ = * 2 , Fi=T 2 -2at-%Z 2 r ll r l2 , H*=tr, 
El = 66, F 2 a = Vl r) 2 , Hi = Cm + 

^ = ^, T a 2 = ^ 2 , 7^ = t6, ^ = t6, 

Proof. Note that if a — 0, then r(2, — 1, — 1) = sp0(2|4), and p a is the standard 
embedding of sp0(2|4) into P(4). 
Let 

Vi = Span(ei, e 2 ), V 2 = Span(/i, / 2 ), V 3 = Span(/ii, /i 2 ), 

and 

ipi(ei,e 2 ) = -^i(e2,ei) = 1, 

Mfi,f2) = -Mf2,fi) = l, 
ip3(hi,h 2 ) = -^3(^2,^1) = 1- 
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Explicitly an embedding p a is given as follows: 

p a (n(ei, ei)) = -El, p a (n(e 2 , e 2 )) = -i^, Pa(3>i(ei, e 2 )) = 
PaiMfi, fi)) = -IFl P Mf 2 , h)) = -2^, p Q (? 2 (/i, /a)) = K 
p a (Hhi, h)) = -2Fl Pa (T 3 (h 2 , h 2 )) = 2E 3 a , p a (V 3 (hi, h 2 )) = H 3 a , 
Pa(ei <B)fi<S)h 1 ) = V2iT^, p a {e x ® j x ® h 2 ) = V2iT*, 
p a (ei ®f 2 ® h) = -V2iT* : p a ( ei ® f 2 <g> h 2 ) = V2iTl 
p a (e 2 <g> h ® h) = V2iD 3 a , p a (e 2 <g> /i <g> h 2 ) = V2iD A a , 
p a (e 2 ®f 2 ® h) = -V2iD 2 a , p a {e 2 ®f 2 ® h 2 ) = V2iD l a . 

Thus sptyi) = Span(£> , H* a , F l a ) for i = 1, 2, 3. 

□ 



4. Deformations of embeddings 



Let p : g — > fj be an embedding of Lie super algebras, then fj is a g-module. A 
map p + /3pi : g — > f), where p\ G Z 1 (q, fj) is a Lie superalgebra homomorphism 
up to quadratic terms in /3. It is called an infinitesimal deformation. Infinitesimal 
deformations are classified by H 1 ^, fj), see [4, 5]. 

Let 

oo 

fa = P + ^2/3 k pk ■ 3 ->■ f), 
fe=i 

where p& : g — >■ f) are even linear maps, satisfy 

Pf,([x,Y]) = mx), frOO]. 

ftp is called a formal deformation of p. The integrability conditions are conditions 
for existence of formal deformation corresponding to a given infinitesimal deforma- 
tion. The obstructions for existence of a formal deformation belong to the second 
cohomology group H 2 (q, fj), see [4, 6]. 
Let <pp = p/3 — p. Then 

[Mx),p(y)} + [p(x),MY)} - M[x,y}) + J21p*(x)>pAy)W + > = o. (4.i) 

i,j>0 



6 



The first three terms are (d(pp)(X,Y), where d stands for coboundary. For arbi- 
trary linear maps ip, ip' : q — > f), define 

[fc>, <//]]pr, y) = ^(x), <//(y)] + [y.'(x), ^(y)]. 1 • j 



Relation (4.1) is equivalent to 



Expanding this relation in power series in j3, we have 

1 

2 



i+j=k 

The first nontrivial relation is 

1 

dp 2 + ^[[pupi]] = 0, 

and it gives the first obstruction to integrability of an infinitesimal deformation. Note 
that (4.2) defines a bilinear map, called the cup product: 

The obstructions to integrability of infinitesimal deformations lie in H 2 (q, fj). Thus 
we have to compute H 1 ^, fj) and the product classes in H 2 (q, f)). 
Consider the embedding (3.2). 

Theorem 4.1. dimiJ 1 (r a , P(4)) = 2. The cohomology space is spanned by the 
classes of the 1-cocycles 9\ and 9 2 given as follows: 

9 1 (D 3 a )=r 1 Vl , 9 l (D i a )= t-%, (4.3) 
B 1 {Fl) = 2T\ 9 x {Hl)= 1. 

# 2 (T a 3 ) = r-^i - rV-^aife, 2 (T A a ) = r~% + r^" 2 ^^, 
9 2 (D 1 a )=r 1 Z 1 , 9 2 (D 2 a )=r%, 

9 2 {Dl) = -(1 + a)r 2 r^ 2 ^ 2 , 2 (££) = (1 + a)r 2 r- 1 ei?7i?72, 

9 2 (E 1 a ) = tr- 1 - r-% Vl - r-% V2 - 2^'%^^, 9 2 {E 2 a ) = rV" 1 ^, 

# 2 (i^) = rV + r%rn + r 2 6»fe + 2(1 + ^rV- 1 ^^^, 
W 2 ) = -rV-^ib, 2 (i£) = 1. 
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Proof. Consider qI(2) = Span(^ i ?7 J - = 1,2) C r a . The diagonal subalgebra of 
g/(2) consists of h = /ii^i^i + I12C2V2, where h\,h,2 G C. Let ei(h) = hi,i = 1,2. 
Obviously, Span(£i,£ 2 ) is the standard g/(2)-module, Span(?]i, ^2) is its dual, £j and 
rji have weights and — e*. Note that iP(r a ,P(4)) is a trivial g/(2)-module, since a 
Lie (super) algebra acts trivially on its cohomology [12]. Hence we have to compute 
only the 1-cocycles of weight zero. Also note that 

// 1 (r a ,p(4)) = © fceZ i/ 1 (r a ,p (fc) (4)), (4.4) 

and 

H\T a ,P(A) (k) ) = ©„ eZ iJ 1 '"(r a ,P (fe) (4)), (4.5) 
where the Z-grading is given by the condition 

deg t = 1, deg r = -1, deg & = deg rji = 0. 

Let c G C 1,ri (r a , P(fc)(4)) be a 1-cochain of weight zero. 

Assume that k is even: k = 1k\. If c 7^ 0, then n must be even: n = 2m, and c 
acts on the odd elements of T a as follows: 



c^ 1 ) 


= g™t m+kl r 


-m+ki-1^ _|_ s m^m+ki- 


-v 


-m+fci - 




c{T 2 a ) 


= g™t m+kl T 


-m+fci-1 , m+m+ki- 
1]2 + S 2 C 


-v 


-m+fci- 




<Tl) 


= g™t m+kl r 


-m+fei — 1^ _|_ ^m^rn+ki- 


■v- 


-m+fci- 


" 2 cl6?72, 


c(T a 4 ) 


= gft m+kl r 


— m+k\— 1/- 1 n mj.m+ki- 


v 


-m+fci- 




c(Dl) 


_ r m^rn+k\- 


_|_ ^m^m+kx- 




-m+fci- 




c{Dl) 


_ m+m+ki- 
— 1 2 1 


l r -m+fci£ 2 + q m t ™+ki- 


-v 


-m+fci- 




c{Dl) 


_ r m.rn+ki- 
'3 


l T -m+k lrji + q ™ t ™+ kl - 




-m+fci 




c(D 4 a ) 






-v 


-m+fci 


'^lVlV2, 



(4.6) 



where gf\ s™, r™, g™ G C. Let 

Co = fm+ki r -"»+*i > Ci = t m+fc 1 -l r -m+fc 1 -l^ i?7i) 

c 2 = r+^-V-^ 1 - 1 ^^, c 3 = t m+k '- 2 r- m+k '- 2 U2ViV2. 

The elements of weight zero in C 0,2m (r Q , P( fc )(4)) span the subspace Span(c , Ci, c 2 , c 3 ). 
Note that the coefficients g™ in (4.6) are as follows: 

if c = dco, then #™ = g™ = g™ = g™ = m - h, 

if c = d Cl , then g? = -g™ = 1, g™ = g? = 0, (4.7) 

if c = cfc 2 , then g? = g™ = 0, g™ = -g? = 1. 
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(4.8) 



Assume that k is odd: k = 2ki + 1. If c ^ 0, then n must be odd: n = 2m + 1, 
and c acts on the odd elements of T a as follows: 

C {Tl) = g^f^+k 1 +l T -m+ki-l rji + s m t m+fci r -m+fci-2^ 2?7i?tej 

C (T 2 ) = ^r +fel+1 r- m+fcl - 1 772 + s 2 n r +fcl r- m+fel - 2 ei77i772, 
C (T 3 ) = ^^+fei+i r - m+fcl - 1 ^ 1 + s ™ r ^i r ™+ti-2^^ 2) 

C (T 4 ) = ff ™t ro + fc i+ 1 r- m+fc1 - 1 ^ + s ™r +fcl r- m+fcl -^6j)i, 

C (L>1) = r m f m+fci r -m+fci^ + 5 m f m+fci-l r -m+fci-l^^ 2?72j 

c(D 2 a ) = r ™ t m+kl T- m+kl & + q?t m+kl - 1 T- m+kl - 1 Z 1 Z 2 rii, 

c(D 3 a ) = r£ , t m+fcl T _m+fcl 77i + gr tm+/ci_lr_m+fcl_1 6m^2, 

c(D*) = r^r +fel T- m+fcl 77 2 + ?ri m+fcl " 1 ^ _m+fel_1 Ci?7i?72, 

where s™> r™, g™ G C. 

The elements of weight zero in C°' 2m+1 (T a , P( fc )(4)) span the subspace Span(c , Ci, c 2 , c 3 ), 
where 

_ j.m+fci+1 —m+ki _ j.m+ki -m+fci-lf 

Co — I ^ , Ci — t r ?i?7i, , s 

C2 — £ T ^2^2, C 3 — t T ?l?2?7l?72, 

and the coefficients #™ are as in (4.7). 
Let X,Y eT a . Note that 

dc(X, Y) = {X, c(Y)} + {Y, c(X)} - c({X, Y}), if p(X) = p(Y) = 1, 

dc(x, y) = {x, C (F)} - {y, c(x)} - c({x, y}), if P (x) = o, p (y) = I, 
dc(x, y) = {x, c (y)} - {y, c (x)} - c({x, y}), if = p (y) = o. 

Let c G Z 1 ' n (T a , P( fc )(4)) be of weight zero. The condition dc(X, y) = gives that 

c(T 3 )} + {T 3 , c(T^)} - c(El) = 0, 
{T Q 2 , c(T 4 )} + {T 4 , c(T a 2 )} - c(i£) = 0. 1 • J 

It follows that 

9? + gr = 9? + gT- (4.ii) 

Case m ^ k\. One can change c by adding (or removing) coboundaries dcj for 
? = 0, 1,2, and thus assume that g™ = for i = 1,2,3. Then from (4.11) g™ = 0. 
Note that 

{Tlc{Tl)} + {Tlc{Tl)} = ^ (4.12) 



hence s™ = 



{T a 1 ,c(T a 4 )} + {T Q 4 ,c(T Q 1 )} = 0, (4.13) 
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hence s™ = 



hence 



{Tlc{Tl)} + {Tlc{Tl)} = ^ 



(4.14) 



Note that if c = dc^, then in (4.6) g™ = for i = 1, . . . , 4 and s™ = si 



to all g\ 
that 



1. Changing 1-cocycle c using the coboundary dc$, we can assume in addition 
for % = 1, 2, 3, 4. Hence c(T^) = for % = 1, 2, 3, 4. We have 

(4.15) 



hence c(E%) 
hence c(£'|) 

hence c(F^) 
hence c(F^) 



that s™ = 
0. 

0. Also 



0. 

0. Then 



{ElATl)}-{Tlc{El)} + c(Tt) = V, 
{Elc{Tl)}-{Tlc{El)}-c{Tl)=^ 

{Fl c(T Q 3 )} - {Tl c{Fl)} + c(T a 2 ) = 0, 
c{Tl)} - {Tl c{Fl)} - c(T Q 4 ) = 0, 



{Dlc(T*)} + {T*,c(Dl)} = 0, 

{Tlc{Dl)} + {Dlc{Tl)} = V. 

From (4.19) (-m + fc^rf + q? = 0, and from (4.20) (-m + fc^rj" - qf 
rf = g™ = 0. 

{Tlc{Dl)} + {Dlc{Tl)} = ^ 
{Dlc{Tl)} + {Tlc{Dl)} = V. 
From (4.21) (-m + fci)r™ + g™ = 0, and from (4.22) (-m + A^r™ - g™ 



r™ = g™ 



0. 



{T a 2 ,c(^)} + {^,c(T a 2 )} = 0. 

{Tlc(D 3 a )} + {Dlc(T*)} = 0. 

From (4.23) (-m + k^rf + q^ 1 = and from (4.24) (-m + fc^rj 1 - 
r m = q m = Q 

{Tlc{Di)} + {Dlc{Tl)} = 0. 

{Tlc{Di)} + {Dtc(Tl)} = ^ 

from (4.25) (-m + fc^rf + q™ = and from (4.26) (-m + fci)rf - qf 
rf = q f = 0. Thus c(Z£) = for i = 1, 2, 3, 4. 



(4.16) 

(4.17) 
(4.18) 

(4.19) 

(4.20) 
0. Hence, 

(4.21) 
(4.22) 
0. Hence, 

(4.23) 
(4.24) 
0. Hence, 

(4.25) 
(4.26) 
0. Hence, 
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Note that if a ^ ±1, then r a is simple. Hence (r a ) = [(r a )j, (r a )j]. Since c((r a ) I ) = 
0, c((r a ) 5 ) = 0. If a = ±1, then 

[(r a )j, (r a )j] = Span(^, , F<), where i = 1, 2 or i = 1, 3. 

On the other hand, we proved that c(-E^) = c(F^) = for i = 2, 3. Then it follows 
from {F^, E^} = H* a that c(if* ) = for i = 2, 3. Hence c((r a ) 5 ) = 0, and the cocycle 
c vanishes. 

Case m = k\. Replacing 1-cocycle c by c—d(ci+C2), we can assume that g™ — g™ — 0. 
Then from (4.11) g™ = g™. In addition, changing c by a multiple of dc^, we can assume 
that s 1 ? = 0. From (4.12) s™ = -sf = 0. Hence c(T Q 1 ) = c(T 2 ) = 0. Next, from 

R 3 ,c(T a 4 )} + {T a 4 ,c(T a 3 )}=0, 

= -sf, and from (4.13) sf = gf. It follows from (4.10) that if k is even (k = 2m), 
then 

c{El) = g™(t 2m +\- x - t 2m T-% m - t 2m r-% m - 2t 2m ~ 1 T-%&r ]l r ]2 ), 
and if k is odd (k = 2m + 1), then 

c{El) = gfit^r- 1 - t 2m+1 r-% Vl - t 2m+1 T'% V2 - 2^'%^,). 
It follows from 

{El c(Dl)} - {Dl c(El)} + 2c(Tl) = (4.27) 

that 

2mgft 2m T- 1 £ 1 = 0, if k is even, 

(2m + l^^+V-^i = 0, if k is odd. 

Hence g™ — (unless m = A; = 0; we will consider this case separately). Thus 

c(T l a ) = for i = 1,2,3,4, and c{El) = 0. From (4.15) c{E 2 a ) = 0. From (4.16) 
c{El) = 0. From (4.17) c(F 2 ) = 0. From (4.18) c(F|) = 0. From (4.19) qf = 0. 
From (4.21) q™ = 0. From (4.23) = 0. From (4.25) q^ = 0. 
From 

{F 3 a , c(Dl)} - {Dl c(F a 3 )} - c(D 2 a ) = 0, (4.28) 

{Flc{Dl}-{Dlc{Fl)} + c{Dl) = ^ (4.29) 

{e C (^)}-{^c(F a 2 )} + c(^) = 0, (4.30) 
r m _ r m^ Thus r m = r .m = af .m = r m_ Q ne can eas jiy see that c is a multiple of dc . 
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Case: m = k = 0. We have already proved that c(T^) = c(T 2 ) = and 

c{Tl) = glr-% - glr^Um, 
c(TS=&T-% + glt- 1 T-%(fr h .- 

Set gl = l. From (4.10) 

c(E l a ) = tr- 1 - r- 2 i lVl - r- 2 i 2V2 - 2r 1 T-%&r ]lV2 , 

from (4.16) c(-Eg) = 0. From (4.17) c(F 2 ) = -rV" 1 ^^, from (4.18) c(F|) = 0. 
From (4.27) = 0, from (4.21) g° = 0, from 

{T 2 a , c{Dl)} + {Dl c(T Q 2 )} - (1 + a)c(j£) = 0, 

g° = -1 - a. From (4.25) q% = a + 1. From (4.28) r? = rlj, from (4.29) = r^, and 
from (4.30) r? = r£ + 1. 

Set r° = 0. Then we obtain the cocycle 9 2 . Finally, c — 9 2 = r^6i. 

□ 

Corollary 4.2. dimi7 1 (r a , if'(4)) = 1. The cohomology space is spanned by the 
class of the 1-cocycle 6 given as follows: 



e{T l a ) 




0{T 2 a ) = 




OiTl) : 


= r^i&Jfc, 


0iT' a ) = 






= t^^ 2 r]2, 


0{D 2 a ) = 




em 


= f _1 &»7i»72> 


0{Di) = 


-t -1 ^l77i7/2, 




= 2r~ 2 ^ 2 r] 1 r] 2 , 


0{Fl) = 


-2t^" 2 66^i^2 



The map = p a + (39 ((3 E C) is a formal deformation of the embedding p a . 
Proof. We already noticed that 

P [2) {A) = K{A). 

From Theorem 4.1, H\r a , K(A)) = 0. Hence H\r a , K'(A)) = H lfi (T a , K'(A)) and 
it is spanned by the class of the 1-cocycle dc^ for m = and k\ — 1, because 
c 3 = i _1 r _1 ^i^2?7i?72 ^ The coefficients in (4.6) for this cocycle are g® = r° = 0, 

s i = s 3 = ~ s 2 = ~~ s 4 = 1) an d 9? — 9° — — <?!> = ~~ <?4 = 1- Thus c?c 3 = 9 as is given in 
(4.31).' 

According to the Richardson-Nijenhuis theory, one has to determine the cup prod- 
uct [[9, 9]] [6]. It is easy to see that this cup product is identically zero (and not only 
in cohomology). Thus p a /3 = p a + (39 is a formal deformation of the embedding p a . 

□ 
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Note that under the embedding (3.2) T(2, — 1 — a, a — 1) is realized in differential 
operators. Thus 

p a :F(2,-l-a,a-l) P + (4). (4.32) 

Theorem 4.3. dim_f/' 1 (r Q , P + (4)) = 1. The cohomology space is spanned by the 
class of the 1-cocycle 9\ given in (4.3). The infinitesimal deformation defined by 9\ 
corresponds to a formal deformation of the embedding (4.32). 

Proof. Let c G Z 1,n (T a , P^(4)) be a 1-cocycle of weight zero. Recall that k = 2k\ 
and n = 2m or k = 2k\ + 1 and n = 2m + 1. It follows from (4.6) and (4.8) that if 
k\ — m > 2 or ki — m < 0, then 

^ 1 ' B (r a ,p+(4)) = J ff 1 '»(r tt ,p (fc) (4)) = o. 

If ki — m — 1, then s™ = for % = 1, 2, 3, 4. As in the proof of the case m ^ ki of 
Theorem 4.1, we have that c has the zero cohomology class. 

Finally, if h - m = 0, then in (4.6) and (4.8) g™ = s™ = q™ = for % = 1, 2, 3, 4. 
As in the proof of the case m = k\ of Theorem 4.1, we obtain that r™ = = r™ = r™. 
Then if k is odd or ^ is even, then c is a multiple of dc . If k = m = 0, then 
cfco = 0, and c = r°^i. 

Let pi = Q\. We will find a formal deformation corresponding to the infinitesimal 
deformation p a + (3p\. Recall that 

dp2 = ~[\pi,Pi\\, (4.33) 

where p2 is a linear map 

p 2 : T Q ^ P+(4). 
Moreover, since pi G C 1,0 (r a , P { + } (4)), 

Pfe GC 1 '°(r Q ,P+„ 2fc) (4)) forA;>l. 

Also, all pk have weight zero. A solution of equation (4.33) is given as follows: 

Next, 

d P3 = E ilPi'Pj]]- 

i+j=3 

Since [[pi,p 2 ]] = 0, p 3 = 0. Also, 



^P4 = -^[[P2,P 2 ]]- 
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Clearly, [[^2,^2]] = 0, hence p 4 = 0. Thus p Qj( g = p a + (5pi + (3 2 p 2 is a formal 
deformation of the embedding p a . 

□ 

Remark 4.4. Note that there exists an embedding of T(2, — 1 — a, a — 1) into the 
Lie superalgebra -Pj^(4) of differential operators on S* 1 ' 2 , which contracts to P + (4). 

Let P^" be an associative algebra having the same vector space as P + , where 
h G (0, 1] and the multiplication is given as follows: 

A(t, r) o h B(t, r) = J2 -r%A(t, T )8?B(t, r). 

n>0 U - 

The Lie algebra structure on the vector space is given by 

[A,B] h = ±(Ao h B-Bo h A), 

so that 

hm h _JA,B] h = {A,B}. (4.34) 

Let A^ 1 (2N) be an associative superalgebra with generators £1, . . . , £at, rji, . . . , r] N and 
relations 

= -Zjti, ViVj = ~VjVi, Vi£j = hSij - ZjVi- 
Let P^(2N) = P£ <8> Aj 1 (2A r ) be a superalgebra with the product given by 

(A 1 <g> X){B X ® Y) = {A 1 o h P x ) <g> (XY), 

where A 1 ,B 1 e P^ and X, Y e Aj 1 (2iV). The Lie bracket of A = Ai (g) X and 
B = B 1 (g)Y is 

[A,B] h = \{AB- (-l) p(x)p{Y) BA), 

and (4.34) holds. 

We proved in [3] that for each h e (0, 1] and each a£C there exists an embedding 

^^(2,-1-^-1)4^(4). 
^oh = Pch^^' — 1 — a, o; — 1)) is spanned by the following elements: 
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1 n i CX + 1 

Kh = t2 ~ a ( 2t ~ 2 ^viV2 + r 2 ^ lVl + 6^ 2 )h - rVh), 
<h = ^, i?* h = + 6^ -h, F 2 h = ^ 2 , 
<h = ^, ^ = to - 6%, < h = to, 

T ih = ^> T a 2 h = ^' T lh = t ^ Kh = t ^ 

D l,h = T ^ + « r ^i6^2, ^ h = r6 - at-^&rn, 

D l,h = T ^ + at ~ lr JiV2&, D 4 a h = TT] 2 - at^r)^!, 

so that lim^^gr^^ = T a C -P + (4). Note that in [13] we constructed a different 
embedding ^ C -^(4), where we essentially used pseudodifferential symbols. Using 
the same methods as in [13], we obtain the following analogue of Theorem 4.3: 

Theorem 4.5. dimH 1 (T a ^, P^"(4)) = 1. The cohomology space is spanned by the 
class of the 1-cocycle Q\ given as follows: 

^,h) = r1 ^ e 1 (i? M )=t-%, 
^(<h) = ^V, e 1 (^ ih ) = r 1 % , 

^(F 1 ^) = 2rV + (a - l)t" 2 h, h(El h ) = I. 

The infinitesimal deformation defined by 9\ corresponds to the formal deformation of 
the embedding p a ^ given as follows: p a ^ ^ = p a ^ + [5p\ + /3 2 p2, where pi = 6i and 
p 2 is defined by 
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